Abstract. In this paper, first, we investigate comparability of prime ideals. Then we introduce and characterize pseudo-valuation semirings. It is shown that prime ideals of divided semidomains and also pseudo-valuation ones are linearly ordered.
Introduction
Semirings are important ring-like structures with many applications in science and engineering [7, p. 225 ] and considered to be interesting generalizations of bounded distributive lattices and rings [6, Example 1.5] . For more on semirings and their applications, one may refer to [4, 5, 6, 7, 8, 9, 11, 12] .
The main purpose of this paper is to have a brief discussion of those semirings that their prime ideals are totally ordered by inclusion. Based on the papers [1, 10] , we introduce pseudo-valuation semirings (see Definition 3), which are interesting examples for those semirings that have linearly ordered prime ideals (check Proposition 6). Another interesting class for such semirings is divided semidomains introduced in [3] (see Corollary 13) . Also, note that in Theorem 7 and Theorem 10, we characterize pseudo-valuation semidomains and in Theorem 12, we give a characterization of divided semidomains.
Before passing to the next section and for the convenience of our discussion, it is crucial to fix some terminologies.
In this paper, by a semiring, we mean an algebraic structure (S, +, ·, 0, 1) with the following properties:
(1) (S, +, 0) and (S, ·, 1) are commutative monoids, where 1 = 0, (2) a(b + c) = ab + ac and a · 0 = 0 for all a, b, c ∈ S.
A semiring S is called semidomain if it is multiplicatively cancellative, i.e. ab = ac implies b = c for all a, b, c ∈ S with a = 0. A nonempty subset a of a semiring S is said to be an ideal of S, if x + y ∈ a for all x, y ∈ a and sx ∈ a for all s ∈ S and x ∈ a [2] . An ideal a of S is proper if a = S. A proper ideal p of a semiring S is prime if ab ∈ p implies either a ∈ p or b ∈ p. A proper ideal m of a semiring S is a maximal ideal of the semiring S if there are no other ideals to be properly between m and S. It is said that (S, m) is a local semiring if S is a semiring and m is the only maximal ideal of S.
Semirings whose prime ideals are totally ordered by inclusion
Let S be a semiring and a, b ∈ S. It is said that b divides a or is a divisor of a and write b | a, if there exists an element x ∈ S such that a = bx. Note that this is equivalent to say that (b) ⊆ (a √ p = p, and using Krull's theorem for semirings, the proof is straightforward. (3) ⇒ (1): Let p, q be two distinct prime ideals of S and put a = p ∩ q. Therefore, by Proposition 7.30 in [6] , √ a = a is a prime ideal of S, so either p ⊂ q or q ⊂ p. The statement (2) ⇒ (4) is obvious. The statement (4) ⇒ (5) requires no comment by the definition of radical ideals.
(5) ⇒ (1): Let p, q be two distinct prime ideals of S with x ∈ p − q. Therefore, for every y ∈ q there is an n ≥ 1 such that x|y n . This implies that y ∈ p.
Let us recall that a semidomain S is said to be a GCD semidomain if gcd(a, b) exists for any a, b ∈ S, whenever at least one of the elements a and b is nonzero [ Proof. It is clear that if S is a valuation semiring, then S is a GCD semidomain. Now suppose that x, y are two nonzero nonunit elements of S and z = gcd(x, y) and suppose that z is associated to neither x nor y. Let a = x/z and b = y/z. Then, neither a nor b is a unit of S. Therefore, by Theorem 1, there exists an m ≥ 1 such that either a|b m or b|a m . Clearly, gcd(a, b) = 1. Also by [13, Proposition 4.6], we can conclude that for every n ≥ 1, gcd(a, b n ) = gcd(b, a n ) = 1. Therefore, a or b is a unit of S, a contradiction. Hence, either x|y or y|x. This finishes the proof.
Let us recall that a prime ideal p of an integral domain D is called strongly prime, in the sense of [10] , if whenever x, y ∈ K and xy ∈ p, then x ∈ p or y ∈ p, where K is the field of fractions of the integral domain D. If every prime ideal of D is strongly prime, then D is called a pseudo-valuation domain [abbreviated as PVD]. Finally, using techniques adapted from ring theory, it is straightforward to show that if S is a multiplicatively-cancellative commutative semiring, i.e. S is a semidomain, then S can be embedded in a semifield F (S), called its semifield of fractions [6, 14] . Based on these, we give the following definitions: Definition 3. Let S be a semidomain.
(1) We define a prime ideal p of S to be strongly prime if whenever x, y ∈ F (S) and xy ∈ p, then x ∈ p or y ∈ p. (2) We define a semidomain S pseudo-valuation semidomain (abbreviated as PVS) if every prime ideal of S is strongly prime.
Proposition 4. Every valuation semiring is a PVS.
Proof. Let S be a valuation semiring and let p be a prime ideal of S. Suppose that xy ∈ p where x, y ∈ F (S), the semifield of fraction of S. If both x and y are in S, we are done. Suppose that x / ∈ S. Since S is a valuation semiring, we have x −1 ∈ S [14, Theorem 2.4]. Hence, y = xyx −1 ∈ p. This finishes the proof.
Question 5. Is there any proper semiring which is a PVS but not a valuation?
Proposition 6. Let S be a PVS. Then, the prime ideals of S are linearly ordered.
Proof. Let S be a PVS. Also, let p be a prime and a an arbitrary ideal of S. Our claim is that p and a are comparable. If not, then there exist an x ∈ p and s ∈ a such that x / ∈ a and s / ∈ p. Note that (x/s) · s = x ∈ p. Also, since x/s / ∈ S, x/s / ∈ p. On the other hand, s / ∈ p, contradicting this assumption that p is strongly prime. Therefore, all prime ideals of S are linearly ordered and the proof is complete.
Theorem 7. A semidomain S is a PVS if and only if S is local and the only maximal ideal m of the semiring S is strongly prime.
Proof. It is clear that ⇒ holds. Now, we prove the inverse as follows: (⇐): Suppose that the only maximal ideal m of the local semidomain S is strongly prime. Let a be a prime ideal of S and x, y ∈ F (S) and xy ∈ a. If x, y ∈ S, then x ∈ a or y ∈ a. Now, suppose x / ∈ S. Since xy ∈ m and x / ∈ S, we have y ∈ m. Suppose y / ∈ a. Then, y 2 / ∈ a and so, d = (y 2 /xy) / ∈ S. Note that dx = y ∈ m while x and d are not elements of m, a contradiction. Thus, y ∈ a and a is strongly prime.
Lemma 8. Let S be a PVS. Then, for every x ∈ F (S) − S, x −1 p ⊆ p, where p is a prime ideal of S.
Proof. Since S is a PVS, p is strongly prime. If x ∈ F (S) − S and y ∈ p, then y = yx −1 x ∈ p. Thus either yx −1 ∈ p or x ∈ p. Since x / ∈ S, we must have yx −1 ∈ p.
Let us recall that a semiring S is local if and only if S − U(S) is an ideal of S, where U(S) is the set of all unit elements of S (see Example 6.1 and Proposition 6.61 in [6] ). (⇐): We show that m is strongly prime. Let xy ∈ m with x, y ∈ F (S). Assume x / ∈ m, so m ⊆ xS. Therefore, xy ∈ xS, so y ∈ S. If y ∈ m, then y −1 ∈ S, so x ∈ m, a contradiction. Hence, y ∈ m. Proof. (1) ⇒ (2): Let a, b be ideals of S and c be a proper ideal of S. Suppose that b is not a subset of a and a · c is not a subset of b. So, there exists x ∈ b − a and yz ∈ a · c for some y ∈ a and z ∈ c such that x/y ∈ F (S) − S and yz/x ∈ F (S) − S. On the other hand, (x/y)(zy/x) = z ∈ N and neither x/y ∈ N nor yz/x ∈ N, which is a contradiction. The implications (2) ⇒ (3) and (3) ⇒ (4) are obvious.
(4) ⇒ (1): Suppose that for every x, y ∈ S and any nonunit z ∈ S, either x|y or y|xz. Let x be a nonunit element of S and y ∈ S. Then, either x|y or y|x 2 . Hence, the prime ideals of S are linearly ordered by Theorem 1. In particular, S is local with the maximal ideal N [14, Proposition 3.5]. By Proposition ??, we just need to show that N is strongly prime. Suppose that uv ∈ N for some u, v ∈ F (S). If u ∈ S or v ∈ S, then it is easy to see that u ∈ N or v ∈ N. Therefore, suppose that u, v ∈ F (S) − S. We define u = y/x and v = z/w for some x, y, z, w ∈ S. Since u = y/x ∈ F (S) − S and uv = yz/xw ∈ N, y|x(yz/xw). Thus, v = z/w ∈ S, a contradiction. Hence, if uv ∈ N for some u, v ∈ F (S), then u ∈ N or v ∈ N. It is clear that the statements (4) and (5) are equivalent.
(6) ⇒ (1): Let x, y ∈ S. So, either x|y or y|x 2 . Therefore, the prime ideals of S are linearly ordered. In particular, S is local with the maximal ideal N. Hence, S is a PVS by Theorem 9. Finally, the statement (1) ⇒ (6) is just a restatement of Theorem 9. Proof. Let p and q be two distinct prime ideals of S with p ⊆ q. Choose x ∈ p − q. For each y ∈ q, xy −1 m ⊆ m implies x ∈ q, a contradiction. Thus yx −1 m ⊆ m, so ym ⊆ p. Therefore, y ∈ p, so q ⊆ p.
Let us recall that a and b in a semiring S are associates if a = ub for some unit u ∈ U(S) [13] . We also recall that a prime ideal p of a semiring S is a divided prime ideal of S if p ⊂ (x) for every x ∈ S − p. A semiring S is divided if each prime ideal of S is divided [ Suppose that for every x, y ∈ S, there is a natural number n ≥ 1 such that either x|y n or y|x. Let p be a prime ideal of S and w ∈ S − p and z ∈ p. Since z does not divide w n for every n ≥ 1, w|z. Therefore, p is comparable to every principal ideal of S. Hence, S is a divided semidomain.
Corollary 13. Let S be a divided semidomain. Then, the prime ideals of S are linearly ordered by inclusion.
Remark 14.
A ring is called uni-serial if its lattice of ideals is a chain [15] . Similarly, we define a semiring to be uni-serial if its ideals are totally ordered by inclusion. For an example of the proper uni-serial semirings, see Example 2.5 in [14] . It is clear that the prime ideals of the uni-serial semirings are linearly ordered.
